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ABSTRACT. Let R be an integral domain. Our purpose is to study
GD (going-down) domains which arise topologically; that is, we investigate
how certain going-down assumptions on R and its overrings relate to the
topological space Spec(R). Many classes of GD domains are introduced
topologically, and a systematic study of their behavior under homomorphic
images, localization and globalization, integral change of rings, and the
“D + M construction” is undertaken. Also studied, is the algebraic and
topological relationships between these newly defined classes of GD domains.

1. Introduction. The main purpose of this paper is to build upon the
studies of Dobbs [5] on going-down extensions and going-down domains, by
attacking the problems with a different motivating force. Whereas much of [5]
was motivated by flatness, the present work has a topological stimulus. In each
of the following sections, we introduce and study new topologically defined
classes of going-down domains by considering how various going-down conditions
on a domain R and its overrings relate to conditions on the topological space
Spec(R). In each section, we present relevant definitions and notation, although
we assume to some extent that the reader is familiar with [3], [4], [5], [6]
and [7].

2. Going-down domains and i-domains. This section introduces and devel-
ops notation and results, some of which we believe to be intrinsically interesting,
which will be used continually in the following sections. Many of the lemmas
and propositions are straightforward and are stated without proof.

Recall from [S] and [6] that a (commutative integral) domain R is called
a going-down domain (written R is GD) in case R C T satisfies going-down for
each domain T containing R; and R is said to be treed if Spec(R), as a partially
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ordered set under inclusion, is a tree. In [S, Theorem 2.2], it is shown that a
GD domain must be treed; an example of Lewis, described in [28] shows that
the converse nced not be true.

As in [25], an extension R C T of domains is said to be open if Spec(T)
— Spec(R) is an open map. (Unless otherwise specified, the map Spec(T) —
Spec(R) is the contraction map.) It is well known (cf. [16, Proposition 1.10.13
(2) and (b)]) that any open extension satisfies GD; throughout this paper, we
exploit this sufficient condition continually.

As in [3], we say that R C T is mated if each prime ideal P of R such that
PT # T 1s unibranched in T; a domain R is said to be mated if R C T is a mated
extension for each domain T containing R and contained in the quotient field
of R. In [5, Proposition 3.6], Dobbs shows that an integrally closed domain is
Prufer if and only if it is mated. Call an extension R C T an injective extension
(and write: i-extension) if Spec(T) — Spec(R) is injective, and say that a domain
R is an i-domain if R C T is an i-extension for each domain T containing R and
contained in the quotient field of R. It is clear that any mated extension is an
i-extension; Example 2.3 shows that the converse is not generally true. Corol-
lary 2.11 will show that the notions of mated domain and i-domain coincide.

A related class of domains consists of the so-called inc-domains (defined
below). To some extent our work on them has been anticipated by Gilmer
([11, Theorem 16.10 and Theorem 22.2], [13, seventh page, LL. 11-13]), whose
comments are extended and clarified below.

Throughout this paper, R denotes a domain and R C T denotes an exten-
sion of domains. We say that T is finitely generated over R if it is so as a ring
over R. R denotes the integral closure of R, and gf(R) is the quotient field of
R. The notations for inclusion and proper inclusion are C and &, respectively.
By an overring (respectively, proper overring) of R, we mean any domain T sat-
isfying R C T C qf(R) (respectively, R & T C gf(R)). Asin [18, p. 28], the
properties of going-up, lying over, and incomparability are denoted by GU, LO,
and INC, respectively. A domain is herein called local (respectively, semilocal)
in case it possesses only one (respectively, finitely many) maximal ideal(s). Fin-
ally, dim(R) denotes the Krull dimension of R. Any unexplained terminology
is standard, as in [18] or [11].

ProposITION 2.1. If R is GD and each overring of R is treed, then R/P
is GD for each P € Spec(R).

ProoF. In order to prove that R/P is GD, [6, Theorem 1] shows that it
suffices to establish that R/P C T satisfies GD for each valuation overring T of
R/P. Since qf(R/P) is canonically isomorphic to Rp/PRp, any element P + r
of R/P may be identified with its image PRp + r/1 in Rp/PRp. By means of this
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identification, we obtain an overring S of R which is contained in R and satis-
fies T = S/PRp.

Let P, /P C P, P be prime ideals of R/P and Q,/PRp a prime ideal of T
lying over P,/P. Without loss of generality, P# P,. Now, P, C P, are primes
of R, and @, is a prime of S lying over P,. Since R is GD, there exists a prime
Q, of S such that 0, C Q, and Q, lies over P;. Let M/PRp be the maximal
ideal of T and observe that 0, C M. As S is treed, Q, compares with PRp. We
claim that PR, C Q,. If not, then

P =Q,NRCPR,NR=P,

a contradiction. Then Q,/PRp N R/P = P, /P, whence R/P C T satisfies GD,
as required.

We now begin to investigate the relationships between GD domains, i-do-
mains and mated domains.

Let us first note that if R is an i-domain, then each overring enjoys the
same property, as well as R/P for each P € Spec(R). Also, an easy calculation
shows that the “i-domain” property is a local property.

LEMMA 22. Assume that R C T satisfies GD. Then R C T is an i-exten-
sion if and only if R C T is mated.

ExAamrLE 2.3. The following is an example of an i-extension that neither
is mated nor satisfies GD. Let R be a 2-dimensional Noetherian domain and let
P be a height 2 prime of R. Then by a result of Chevalley (cf. [19, Theorem 261]),
there exists a discrete (rank 1) valuation ring ¥ containing R with maximal ideal
M, such that M N R =P. Then R C V is an i-extension but is neither mated
nor GD.

REMARK 24. It is easy to construct an extension of domains R C T sat-
isfying GD and failing to be mated. (Cf. Example 2.17, for such an example in
which T is an overring of R.) By Lemma 2.2, no such extension R C T can be
an i-extension; nor can such T be a flat overring of R.

Indeed, if T is a flat overring of R, then R C T is mated. To show this,
take P € Spec(R) such that PT # T. Then [30, Theorem 2] implies that T C R P
thereby producing a prime of T lying over P. As for uniqueness, if Q € Spec(T)
with Q N R = P, then [30, Theorem 2] gives To =Ry, forcing Q=PRp N T.

LEMMA 25. Let R C T be an i-extension, with T finitely generated over
R and R integrally closed in T. Then R C T is open.

ProoF. This follows directly from a corollary of Zariski’s main theorem
[29, Corollaire 2, p. 42].

COROLLARY 2.6. Same hypotheses as above. Then R C T is mated.
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ProoF. Apply Lemma 2.2.

ProrosiTION 2.7. Let T be finitely generated over R. If R C S is an
i-extension for each S satisfying R C S C T, then R C T is open.

PROOF. Let R’ be the integral closure of R in T. Then by Lemma 2.5,
R' C Tis open. Moreover, [2, Remark (2), p. 329] shows that the continuous
bijection Spec(R") — Spec(R) is a closed map, hence a homeomorphism. Thus,
as a composite of open extensions, R C T is open.

COROLLARY 2.8. Let R be an i-domain and T a finitely generated over-
ring of R. Then R C T is open.

CoROLLARY 29. If R C 8 is an i-extension for each S satisfying R C S
C T, then R C T satisfies GD.

ProOF. By [25, Lemma 3], we may assume T is finitely generated over
R, in which case we are done by an appeal to Proposition 2.7.

ProrosITION 2.10. If R C R[u] is an i-extension for each u € T, then
R C T is mated.

ProoF. We claim that R C S is an i-extension for each S satisfying R C
S C T. If not, there exist distinct primes P, Q of S such that PN R=Q NR.
Without loss of generality, choose # € P\Q. Then P N R[u] and Q N R[u] are
distinct primes of R[u], each contracting to P N R, and hence contradicting the
assumption that R C R[u] is an i-extension. Thus, by Corollary 29, RC T
satisfies GD, and so by Lemma 2.2, R C T is mated.

COROLLARY 2.11. R is an i-domain if and only if R is mated.
PROPOSITION 2.12. Let R be GD. If R C T is an i-extension, then T
is GD.

ProoF. By [6, Theorem 1], it suffices to show that T C ¥ satisfies GD
for each valuation overring ¥ of T. Let P &G M be primes of T and N a prime
of V contracting to M. By the hypotheses, there exists a prime @ G N such that
ONR=PNR. Thus @ N T and P have the same contraction in R, and so are
equal.

COROLLARY 2.13. If R is an i-domain, then every overring of R is GD.
ProOF. R is GD by Corollary 2.9. Now apply Proposition 2.12.

PROPOSITION 2.14. R is an i-domain if and only if R C R is an i-extension
and R is Priifer.

ProoF. In case R =R, the result is immediate from [11, Theorem 16.10] .
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So suppose R G R. The “only if” direction is clear. For the “if” direction, we
suppose that R is not an i-domain. Thus, there exists an overring T of R and
distinct primes P and Q of T such that PN R =Q N R. Consider the following
diagram

RCRT

U Vv

RCT
Since T C RT is an integral extension, there exist distinct primes P’ and Q' in
RT such that P N T=Pand Q' N T=Q. Now R C RT, as the composite of
the i-extensions R C R and R C RT, is an i-extension, contradicting P N R =
Q' N R, to complete the proof.

COROLLARY 2.15. R is a local i-domain if and only if R is a valuation ring.

PROOF. Assume R is a local i-domain. Then R is an integrally closed
i-domain, local by integrality; i.e., R is a valuation ring.

Conversely, assume R is a valuation ring. Then R is local, again by inte-
grality. By Proposition 2.14, it now suffices to show that R C R is an i-exten-
sion. This follows since R is local treed and R C R, being integral, satisfies INC.

We pause to remark that Corollaries 2.13 and 2.15 combine to recover [7,
Corollary 2.5].

COROLLARY 2.16. Let R be a Noetherian domain. Then R is an i-domain
if and only if R C R is an i-extension and dim(R) < 1.

PrROOF. Assume R is an i-domain. Then, by Corollary 2.9, R is GD, so
that [4, Proposition 7] gives dim(R) < 1.

The converse is attained from Proposition 2.14 by showing that R is Dede-
kind. For this, we make a direct appeal to [18, Exercise 13, p. 73].

EXAMPLE 2.17. This example will show that the requirement of R C R
being an i-extension is needed in Corollary 2.16 and hence in Proposition 2.14.
Let Cbe the complex numbers, and x and y indeterminates over C. Let R be
the localization of C[x, y] (2 — x3 — x2) at the image of (x, y). Then R is
a local Noetherian domain, dim(R) = 1, and R possesses exactly two maximal
ideals. (In particular, this example shows that an extension satisfying GD need
not be an j-extension.)

In [6, Theorem 1], it was shown that valuation overrings of R serve as
test extension rings in determining whether R is GD. Example 2.17 shows that
valuation overrings of R are, in general, not enough to test whether R is an
i-domain. However, we do have the following proposition.

ProPOSITION 2.18. R is an i-domain if and only if R C V is an i-extension
for each valuation overring V of R and R C R is an i-extension.
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Proor. The “only if” half is trivial. To complete the proof it suffices,
by Proposition 2.14, to show that R is Priifer. The valuation overrings of R
coincide with those of R; so R C V is an i-extension (since R C V is) for each
valuation overring ¥ of R. Then [11, Theorem 16.10] implies that R is Priifer.

In [7], Dobbs studies ascent and descent of GD domains for integral ex-
tensions. We next consider some similar questions for i-domains.

PROPOSITION 2.19 (ASCENT). Let R be an i-domain with qf(R) = K, and
let L be an algebraic extension field of K. Then R*, the integral closure of R
in L, is a Prifer domain.

PRrOOF. Since R is an i-domain, Proposition 2.14 implies that R is Priifer.
But R* is the integral closure of R in L, so that Priifer’s ascent result [11, The-
orem 18.3] completes the proof.

An example of Heinzer-Ohm, summarized in [7, Example 2.1], shows
that, without further assumptions, descent of i-domains fails for integral exten-
sions.

ProposITION 2.20 (DESCENT). Let T be an i-domain which is integral
over R. If T is local or R is integrally closed, then R is an i-domain.

ProoOF. First, assume that T is a local i-domain, and let S be any over-
ring of R. Then, as in Proposition 2.14, we focus our attention on the follow-
ing diagram:

TCTS
U U
RCS.

R C T is an i-extension since it satisfies INC (by integrality) and T is local treed,
while T C TS is an i-extension since T is an i-domain and 7S C qf(7). Thus,

R C TS is an i-extension. However, S C TS satisfies LO, which implies that

R C S is an j-extension, and completes this part of the proof.

Now, suppose that R is integrally closed. From Proposition 2.14, we have
that T is Prifer, and [11, Theorem 18.4] implies that R is Priifer, thus finishing
the proof.

Until this point, we have given no explicit examples of i-domains other
than Prufer domains. We now develop the device which will give rise (in Propo-
sition 2.23) to nonintegrally closed i-domains. We list the following results
without proof, as their proofs are straightforward applications of [11, Theorem A
(c), (d), (e), p. 560] and [1, Theorem 3.1].

LEMMA 221. Let V be a valuation ring of the form F + M, where F is a
field and M is the maximal ideal of V. Let R C T be subrings of F. Then
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R C T is an i-extension if and only if R + M C T + M is an i-extension.

PROPOSITION 2.22. Let V be a valuation ring of the form F + M, and let
R be a subring of F. Then R + M is an i-domain if and only if R C T is an
i-extension for each ring T satisfying R C T CF.

PROPOSITION 2.23. Let V be a valuation ring of the form F + M, and let
K be a subfield of F. Then K + M is an i-domain if and only if F is algebraic
over K.

In the pursuit of GD domains from a topological point of view, i-domains
were a natural point of departure. In view of Proposition 2.14 it is next of in-
terest to study domains whose integral closures are Priifer.

A domain R is called an inc-domain if R C T satisfies INC for each over-
ring T of R. Many of the lemmas and propositions for i-extensions and i-domains
have immediate inc analogues, and for reasons of space we do not include them
here.

LEMMA 2.24. Let R be local and integrally closed. If u € qf(R)\R and
R C R[u] satisfies INC, then u=' €R.

PrROOF. Assume u~! € R. I M is the maximal ideal of R, then Seiden-
berg’s (u, u~')-lemma [18, Theorem 67] shows that MR [u] is a nonmaximal
prime of R[u] which lies over M. Since any maximal ideal of R[u] containing
MR [u] contracts to M, our INC assumption is contradicted.

COROLLARY 2.25. Let R be integrally closed. Then R is an inc-domain
if and only if R is Priifer.

PROOF. Assume R is an inc-domain. For each P € Spec(R), R p is then
a local integrally closed inc-domain, hence a valuation ring (by Lemma 2.24), so
that R is Priifer.

The other direction is clear since any i-domain (in particular, a Prifer
domain) is an inc-domain.

PROPOSITION 2.26. R is an inc-domain if and only if R is Priifer.

ProOF. The “only if” part follows from Corollary 2.25. The converse
follows readily from the “rectangle argument”, as given in the proofs of Propo-
sition 2.14 and Proposition 2.20, keeping in mind that integral extensions satis-
fy GU.

COROLLARY 2.27. Let R be a Noetherian domain. Then R is an inc-domain
if and only if dim(R) < 1.

PROOF. Suppose R is an inc-domain. Then R is a Krull domain [27, The-
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orem 33.10] which is, by Proposition 2.26, also Priifer. Hence, [11, The-
orem 35.16] gives that dim(R) < 1, and thus dim(R) < 1.

If dim(R) = 1 then, by the Krull-Akizuki theorem [18, Theorem 93], each
overring of R has dimension at most 1, whence R is an inc-domain.

We next give an example of an inc-domain which is not treed (and which,
therefore, is not GD). This pathology will not lead us to abandon interest in
inc-domains for questions about GD. Indeed, inc-domains will play an important
role in §4.

ExAMPLE 2.28. We next present an example of a domain R such that R
is not treed, R is Priifer, and each proper overring of R contains R. In [10],
Gilmer and Heinzer say that R has a unique minimal overring R, if R G R,
and if any overring of R, other than R itself, contains R,. In our example, R
will be the unique minimal overring of R. The example is a slight modification
of [10, Example 4.3], with whose details the reader is assumed to be familiar.

Let k be a field, x and y indeterminates over k, and K = k(x, y). Define
a rank 2 valuation ring W of K over k with value group Z © Z ordered lexico-
graphically by sending x and y to (0, 1) and (1, 0), respectively, and then taking
the value of a polynomial in k[x, ¥] to be the infimum of the values of the
monomials occurring in that polynomial. Similarly define a rank 2 valuation ring
V by sending x and y to (1, 0) and (0, 1) respectively, etc. Observe that W =
k+xWand V=k+yV. It is easy to see that Spec(W) N Spec(V) = {0}, so
that the prime spectrum of S = V' N W looks like

N/
N

as a poset. Now by [20, Theorem 2.5], R = k + J(S) is a local domain with
spectrum looking like

7N\
\./

as a poset. By reasoning as in [10], one may verify that this R has the proper-
ties promised above.

The remainder of this section continues the study of inc- and i-domains,
and builds machinery needed for the remaining sections.

PROPOSITION 2.29. R is an inc-domain if and only if R C V is an inc-exten-
sion for each valuation overring V of R.
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ProoF. Let R C V satisfy INC for all valuation overrings ¥ of R. Then
clearly R C V satisfies INC for all valuation overrings ¥ of R; [11, Theorem 16.10],
in conjunction with Proposition 2.26, completes this direction. The other dir-
ection is obvious.

REMARK 2.30. Throughout this paper, we shall be alert to the theme sug-
gested by [S5, Proposition 3.2], [6, Theorem 1] and Proposition 2.29; that is,
we shall attempt to establish sufficiency of valuation overrings as test extensions
for each class of domains considered.

The relationship between inc- and i-domains is easy to determine and is
given below.

ProposITION 2.31. R is an i-domain if and only if R is an inc-domain and
R C R is an i-extension.

ProoF. Since one half is obvious, we assume that R is an inc-domain and
R C R an i-extension. First, apply Proposition 2.26 to get R Priifer; then use
Proposition 2.14 to complete the proof.

We next present a variant of Proposition 2.12.

PrOPOSITION 2.32. Let R be GD. If T is treed and R C T satisfies INC,
then T is GD.

Proor. It suffices to establish that T C V satisfies GD for each valuation
overring V of T. Let P & Q be primes in T, and M a prime of V lying over Q.
Since R is GD, there exists a prime NVof V with NG Mand NNR=PNR. As
Tis treed, N N T and P are comparable, hence equal (by INC), to complete the
proof.

The final aims of this section are to prove a lemma which will figure largely
in §4 and to infer a companion for Corollary 2.15.

LeMMA 2.33. If each overring of R is semilocal, then R is an inc-domain.

ProOF. Deny. Then there exists an overring T of R with primes 0,0,
of T such that 9, NR=Q, NR (= P). By passing to Rp C Tg\p, we may
assume R is local with maximal ideal P. Letu € 0,\Q,. Observe that R C R[u]
fails to satisfy INC. Let ¢: R[x] — R[u] be the R-algebra homomorphism send-
ing x to u; let Ny = ¢=(Q, N R[u]) and N, = ¢~ 1(Q, N R[u]). Then PR[x]
C N, & N, since PR[u] C @; N R[u]; moreover, N, NR=P=N, NR. By
[23, Theorem 1], N, = PR[x], so that ker(¢) C PR[x]. Using the locality of R
and applying [23, Theorem 1] again, we conclude that, if N € Spec(R[x]) and
N PR[x], then ¢(N) is a maximal ideal of R[u] which lies over P. However,
R[x] has infinitely many primes N 2 PR[x], thus giving rise to infinitely many
maximal ideals of R[u] and contradicting the semilocality of R [u].
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ProrosITION 2.34. R is a local i-domain if and only if every overring of
R is local.

Proor. Let R be a local i-domain. If an overring T of R has maximal
ideals M and N then, since R is local treed, we may assume without loss of gen-
erality that M N R C N N R. However, R being (GD and) an i-domain gives
M C N, whence M = N.

For the converse, combine Lemma 2.33 with Proposition 2.26 and Corol-
lary 2.15.

3. Open domains. A domain R will be called open if R C T is an open
extension for each overring T of R; call R propen (standing for properly open)
if R C T is an open extension for each overring T of R satisfying R C T & qf(R).
Since open extensions satisfy GD, any propen domain is GD. Although open
domains are necessarily propen, Example 5.11 shows that the converse fails in
general. §5 is devoted to studying those domains R that are propen but not
open. In this section, we investigate many facets of open domains, as well as
giving several necessary and sufficient conditions for a domain to be open.

For P, P’ € Spec(R), let [P, P') ={Q € Spec(R): PCQCP'}. If Mis
a maximal ideal of R, we call [0, M] a branch of R. A typical basic open set of
X = Spec(R) is given, as usual, by X, = {Q € Spec(R): r &€ Q} where r ER; a
nonempty closed set in X is then of the form F = V(I) = {Q € Spec(R): I C Q}
where I is an ideal of R.

R is called a G-domain [18, pp. 12—13], if the nonzero prime ideals of R
have nonzero intersection, equivalently if qf(R) is finitely generated over R. It
follows easily that R is a G-domain if and only if {0} is open in Spec(R), a
characterization that will serve our purposes below.

LeEmMMA 3.1. Let P € Spec(R). Then, R C Rp is open if and only if [0, P]
is an open set in Spec(R).

ProPOSITION 3.2. The following are equivalent on R:
(@) R is open.

(b) R is a propen G-domain.

(¢) Ris GD and [0, P) is open for each P € Spec(R).

ProOOF. The characterization of G-domains stated above shows that (a)
(b). By Lemma 3.1, (a) = (c). To prove that (c) = (a), let T be an overring of
R and ¢ an element of T; set X = Spec(T) and consider f: X — Spec(R). Ob-
serve that X, = U [0, Q,] for some set Q. The GD assumption in (c)
implies that f(X,) = U,eq [0, @, N R] which is, by the second condition in (c),
open in Spec(R). Hence (c) = (a), completing the proof.
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ProrosITION 33. If R C Ry, is open for each maximal ideal M of R, then
R is semilocal.

ProoF. Let {M;: i €I} be the set of maximal ideals of R. By Lemma 3.1,
each [0, M;] is open in Spec(R), so that {[0, M;]: i € I} gives an open cover of
Spec(R). As Spec(R) is (quasi-) compact [2, Proposition 12, p. 101], there is a
finite subcover, indexed by a (finite) subset J of I. For each i € I, there exists
j €J with M; € [0, M;], so that M; = M;, to complete the proof.

CorOLLARY 34. If R is propen, then R is semilocal.

COROLLARY 3.5. If R is propen not open, then dim(R) is infinite.

ProoFf. Deny. Since R is treed, Corollary 3.4 implies that Spec(R) is a
finite set. Then [18, Exercise 3, p. 19] shows that R is a G-domain, contra-
dicting Proposition 3.2.

For a proof of Corollary 3.5 which does not rely on Corollary 3.4, again
we deny, and let n = dim(R). Since R is not open, R # qf(R); finiteness of n
therefore permits us to select a height 1 prime P of R. Note that {ORp} is open
in Spec(Rp), although {0} is not open in Spec(R), thus contradicting the assump-
tion that R C R, is open.

COROLLARY 3.6. Let dim(R) <. Then R is open if and only if R is
propen.

Proor. If R is propen, an appeal to Corollary 3.5 gives that R is open.
The converse is trivial.

REMARK 3.7. Numerous examples of propen not open domains, as well
as related theory, will appear in §5.

In view of Proposition 3.2, it is of some interest to investigate G-domains
further. In [18, §1.3], many basic facts about G-domains are established; we
now present other pertinent information.

LEMMA 38. Let R C T be an open extension. If T is a G-domain, then
R is a G-domain.

ProoF. {0} is open in Spec(T) since T is a G-domain. The contraction
map f: Spec(T) — Spec(R) sends {0} to {0}. Thus {0} is open in Spec(R),
since f is an open map, whence R is a G-domain.

LEMMA 39. Let T be integral over R. If T is a G-domain, then R is a
G-domain.

PROOF. Assume that T is a G-domain. As integrality implies that f:
Spec(T) — Spec(R) is a closed map, f(Spec(T)\{0}) is closed in Spec(R). How-
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ever, integrality also implies that f is surjective and that £~ 1(0) = {0}, so that
Spec(R)\0} = f(Spec(T)M0}). Hence {0} is open in Spec(R), and this completes
the proof.

We now return to open domains. The next result is in the spirit of Re-
mark 2.30.

ProposITION 3.10. The following three conditions on R are equivalent:
(a) R is open.

(b) R C V is open for each valuation overring V of R.

(¢) R C T is open for each integral domain T containing R.

Proor. (a) = (b) and (c) = (a) are trivial.

Assume (b). By [6, Theorem 1], R is GD. In order to establish (a),
Propositions 3.1 and 3.2 show that it suffices to prove R C R is open for each
P € Spec(R). If V is chosen as a dominating valuation overring of Rp, consider
f: Spec(V) — Spec(Rp) and g: Spec(Rp) — Spec(R). As Rp C V satisfies GD,
fis surjective. Since gf is open by assumption, it is clear (cf. [8, Exercise 7(b),
p. 96)) that g is open. Hence, (b) = (a).

Finally, assume (a), and let T be a domain containing R. Since RC T
satisfies GD (cf. [6, Theorem 1]), the argument which was used to establish the
last part of Proposition 3.2 now shows that R C T is open. Thus, (a) = (c), to
complete the proof.

COROLLARY 3.11. Let R C T be an i-extension. If R is open, then T is
open.

PROOF. Let S be an overring of T, and consider f: Spec(S) — Spec(7)
and g: Spec(T) — Spec(R). As gf is open and g is injective, it is clear (cf. [8,
Exercise 7(c), p. 96]) that f is open, which completes the proof.

REMARK 3.12. In [6, Theorem 1], the GD analogue of Proposition 3.10
was established. Moreover, it was shown there that R being GD is equivalent to
R C R[u] satisfying GD for each u in qf(R). A combination of Corollary 2.8
and Proposition 3.3 shows that the open analogue of this last equivalence is
false: for a specific counterexample, choose any nonsemilocal Priifer domain.

It will be shown later that this analogue fails even in the semilocal case.

Before proving the next important lemma, we introduce some terminology.

We say that a prime P of R is proper minimal over a prime Q of R if Q G P and

[0, P] ={Q, P}.

LEMMA 3.13. Let R be semilocal treed, with maximal ideals M, . . . , M,.
Let P € Spec(R). Then [0, P) is open if and only if one of the following two
conditions holds:

(a) P is not maximal and: for each 1 < j < t, there exists a unique prime
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O; C M; such that Q; is proper minimal over Uge Spec R: Q CP N M;}.
(b) Pis maximal, say M, and: for each j # i, there exists a unique prime
Q; C M; such that Q; is proper minimal over U{Q € Spec(R): 0 C M; N\ M;}.

PrOOF. Assume (a). We claim that
t
[0,71'=U Q).
i=1

where [0, P]’ denotes Spec(R)\[O, P].

Indeed, let N € [0, P]’; select j such that N C M;. I Q; N then, since
R is treed, NG Q;; since N ¢ P, minimality of Q gives U{Q Q cPn M} &N,
whence NG U:gcprnuy, } and NCP, a contradlctlon Hence Q C N
and this puts N in U1_, (@)

To prove the reverse inclusion, let N € U  V(Q)); that is, for some j,

g CN. IfNE]o, P)', then N C P, so that 0, C P, contradicting the fact that
0Q; properly contains U{Q QCPNM}. Therefore N € [0, P])' and the claim
is established. Then [0, P], as the complement of a finite union of closed sets,
is certainly open.

Next, assume (b); without loss of generality, take P=M,. We claim that
[0, P]'=U_,1(Q). Indeed,if NE[0,P]’,then N ¢ Pand N C M; for some
j # 1; by arguing as above, we get Q; CN, whence N € U;=2 V(Q). The reverse
inclusion is also obtained by aping the earlier argument.

Conversely, assume [0, P] is open and P is not maximal. Now, there exists
a nonzero ideal I of R such that [0, P]" = V(I). Fixi, 1 <i<t. Since P is not
maximal, I C M;; let O, be the intersection of the primes which contain I and
are contained in M;. Note that Q, is prime since R is treed. We now show that
0, is the unique prime contained in M; and proper minimal over U:gcpen
M;}. Observe that U:gcpn M} & Q;; for if not, then since R is treed,
0, cU{Q: Q C PN M} and Q, C P, contradicting I C 0;. Next, to establish
minimality, let N be a prime such that U{Q: Q CP N M} & N C Q,. Since N
properly contains the union, N ¢ P. Thus N € [0, P|’ = V(I); that is, ] C N, and
s0 0; = N by the construction of Q;. The uniqueness asserted of Q, in (a) is
immediate since R is treed.

Now assume [0, P] is open and P is maximal. Without loss of generality,
P=M, and t > 2. The openness of [0, P] implies that there exists a nonzero
ideal 7 of R such that [0, P}’ = V(I). ThusIC M; for each j # 1. As before,
for each j # 1, let Qi be the intersection of the primes containing / and contained
in M;. By arguing as above, we see that 0; has the properties asserted in (b), to
complete the proof.

PROPOSITION 3.14. R is treed and [0, P] is open for each P € Spec(R) if
and only if R is semilocal and each branch of R is well-ordered under inclusion.
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PrOOF. Suppose that R is treed and each [0, P] is open. That R is semi-
local we have shown before (Proposition 3.3); let M,, . .., M, be the maximal
ideals of R. If, for some 1 <i<¢, [0, M;] is not well-ordered by inclusion,
then there exists a nonempty subset {Q,: a € Q} of [0, M;] with no first ele-
ment. Let =) _c0,, and note that PG M;. Now, by Lemma 3.13, there
exists a unique prime Q; C M; such that Q; is proper minimal over U:0c
PN M;} =P. Hence Q; ¢ P, so that there exists § € Q with Q; ¢ Qﬁ. Since R
is treed, 0y & O;, whence PC Q3 G Q. The proper minimality of Q; over P
gives that P = Q. contradicting the condition that {Q,: a € £} have no first
element.

For the converse, assume R is semilocal with well-ordered branches. It is
clear that R is treed. Let P € Spec(R). To show that [0, P] is open, we con-
sider two cases. As above, let M,, ..., M, be the maximal ideals of R,

Case 1. P a maximal ideal of R. Without loss of generality, P =M, and
R is not local. Fixj# 1. LetNi=U{Q: QCM;NPland F;={0: N;GQC
Mi}' Note that F; # & since N; o M;. Thus, by hypothesis, F; has a least ele-
ment, say Q;. It is clear that Qi plays the role of the (necessary unique) object
described in condition (b) of Lemma 3.13. Thus, by Lemma 3.13, [0, P] is open.

Case 2. P not maximal. For each 1 <i < t, define N, and F; as before,
use the well-ordering hypothesis to produce Q;, satisfying condition (a) of Lem-
ma 3.13, to complete the proof.

CoROLLARY 3.15. Let R be a semilocal domain each of whose branches is
well-ordered under inclusion. If R C T satisfies GD, then R C T is an open ex-
tension.

Proor. Let X = Spec(T), let r €R, and consider f: X — Spec(R).
Arguing as in Proposition 3.2 gives f(X,) = U egq [0, P,] for some collection
of primes P, of R. A direct appeal to Proposition 3.14 shows that [0, P,] is
open for each a € Q, so that f(X,) is open in Spec(R). Thus, fis open.

THEOREM 3.16. R is open if and only if R is GD and semilocal and each
branch of R is well-ordered under inclusion.

ProOF. Assume R is open. Then R is clearly GD, and Proposition 3.3
shows R is semilocal. That the branches of R are each well-ordered under inclu-
sion, follows from Propositions 3.2 and 3.14.

The converse is an immediate consequence of Corollary 3.15.

CoROLLARY 3.17. The following are equivalent on R:

(a) . R is open.

(b) Ry is open for each P € Spec(R) and R is semilocal.

(c) Ry, is open for each maximal ideal M of R and R is semilocal.
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ProoF. Corollary 3.11 and Proposition 3.3 combine to yield (a) = (b),
while (b) = (c) trivially. To show (c) = (a), assume (c). It is evident (cf. [5,
Lemma 2.1]) that R is GD. By Theorem 3.16, it is enough to prove that [0, M]
is well-ordered under inclusion for each maximal ideal M of R. Now, the open-
ness of R,, gives that [0, MR ] is well-ordered, so that [0, M] is indeed well-
ordered, to complete the proof.

If we remove the semilocality condition, the preceding corollary fails, as
the ring of integers so aptly shows. However, we do have the following corol-
lary in that case.

CoroLLARY 3.18. The following are equivalent on R:

(a) R is GD and each branch of R is well-ordered under inclusion.
(b) R is open for each P € Spec(R).

(c) R, is open for each maximal ideal M of R.

ProoF. (b) = (c) is trivial, while part of the proof of Corollary 3.17 gives
(c) = (a). Finally, assume (a), and let P € Spec(R). Then Rp is GD; since [0, P]
is well-ordered under inclusion, so is Spec(R p). Applying Theorem 3.16 yields
(b), and completes the task. '

COROLLARY 3.19. Let P € Spec(R). If R is open and R/P is GD, then
R/P is open.

PrROOF. R/P inherits from R the properties of being semilocal and having
each branch well-ordered under inclusion. Apply Theorem 3.16.

ProrosITION 3.20. The following are equivalent for any Noetherian do-
main R:

(a) R is semilocal and dim(R) < 1.

(b) R is open.

(c) R is propen.

(d) R is a G-domain.

(e) Every overring of R is open.

(f) Every overring of R is propen.

ProoOF. (a) = (b) is immediate from Theorem 3.16, and (b) = (a) follows
from Proposition 3.2 and [18, Theorem 146]. (b) = (c) is trivial, and (c) = (b)
is a consequence of [4, Proposition 7] and Corollary 3.6 [18, Theorem 146],
combined with Theorem 3.16, shows (d) = (b); Proposition 3.2 gives (b) = (d).
Note that (¢) = (b) is obvious. To show (b) = (e), let S be an overring of R.
Since dim(R) < 1 by (b), the Krull-Akizuki theorem [18, Theorem 93] implies
S is Noetherian and dim(S) < 1; from [18, Exercise 21, p. 64], and the semi-
locality of R, S is semilocal, hence open. Hence (b) = (e). Next (f) = (e), since
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(c) = (b) and all the rings involved are Noetherian. Finally, (¢) = (f) trivially,
to complete the proof.

Motivated by Proposition 3.2 and Theorem 3.16, we present the following
proposition.

PropOSITION 3.21. Let R be semilocal. Then each branch of R is well-
ordered under inclusion if and only if R is treed and R/P is a G-domain for each
P € Spec(R).

PrROOF. Assume that each branch of R is well-ordered under inclusion.
Clearly, R is treed. If P € Spec(R), then R/P is semilocal and each branch of
R/P is well-ordered under inclusion; thus, we may reduce to the case P=0. Sup-
pose R is not a G-domain, and let M, . .., M, be the maximal ideals of R.
Thus, there exists j, 1 <j <, such that

N{Q € Spec(R): Q #0and Q C M} =0,

contradicting the well-ordering of [0, Mi] .

For the converse, suppose that [0, M] fails to be well-ordered under in-
clusion for some maximal ideal M of R. Then some nonempty subset {Q,:

a € Q} of [0, M] has no first element. As the prime P = naenQa is not a
member of {Q,: a € Q}, one checks readily that R/P is not a G-domain, which
completes the proof.

In §2, we considered questions related to the ascent and descent of i-do-
mains for integral extensions. We now provide a similar analysis for open domains.
Descent for open domains will be seen to be as well-behaved as for i-domains and
GD domains. Ascent becomes more complicated, in part because an integral ex-
tension of a semilocal domain need not be semilocal.

Example 2.28 illustrates that, without further assumptions, descent of open
domains fails for integral extensions; the Heinzer-Ohm example, reprised in [7,
Example 2.1], shows the failure of ascent.

ProPOSITION 3.22. Let R C T be an integral extension, where R is GD
and T is semilocal treed. Then R is open if and only if T is open.

Proo¥r. By Proposition 2.32, T is GD. If R is open, INC readily implies
that each branch of T is well-ordered under inclusion, whence T is open by The-
orem 3.16.

Conversely, assume T is open. Integrality, together with the semilocality
of T, gives that R is semilocal. To complete the proof, we need, according to
Theorem 3.16, only to show that each branch of R is well-ordered under inclu-
sion. Suppose, for some maximal ideal M of R, that [0, M] is not well-ordered
under inclusion; that is, some nonempty subset {Q,: a € Q} of [0, M] has no
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first element. By LO, select m € Spec(T) such that m N R =M. Let
F={q€ Spec(T): qCmandq NRE{Q :a€EQ}};

note that F # & since R is GD. As T is open, F has a first element, say q'.
Since ¢' N R € {Q,: & € Q}, the supposed failure of well-ordering yields § € Q
such that 0y & g’ N R. However, R C T satisfies GD, thus producing a prime
q" of T such that ¢" & ¢' and ¢" N R = Q. This contradicts the minimality of
q' in F, and completes the proof.

CorOLLARY 3.23. Let T be finitely generated as a module over R, let R
be GD and let T be treed. Then R is open if and only if T is open.

Proofr. This proof is identical to that of Proposition 3.22, once we have
shown that R being semilocal implies T is semilocal. Since T is module-finite
over R, this follows from [2, Proposition 3, p. 329].

COROLLARY 3.24. Let R be an i-domain. Then R is open if and only if
Ris open.

ProoF. Apply Corollary 2.13 and Proposition 3.22.
We now prove the open analogue of Proposition 2.20.

ProrosiTiON 3.25. Let T be an open domain which is integral over R.
If either T is local or R is integrally closed, then R is open.

Proor. If T is local, then [7, Theorem 2.4] implies that R is GD, so that
Proposition 3.22 applies to show that R is open.

Now assume that R is integrally closed, and let S be any overring of R. To
show R is open, we use the now-familiar “rectangle argument”. By [9, Proposi-
tion 1.2], R C T is open; moreover, T C T3S is open since T is open. Hence
R C TS is open, as openness is transitive. Now § C TS, being integral, satisfies
LO, from which it is clear (cf. [8, Exercise 7(b), p. 96]) that R C § is open.
This completes the proof.

We now provide (Corollary 3.28) means for constructing local nonvaluation
open domains.

LEMMA 3.26. Let V be a valuation ring of the form F + M, where F is a
field and M is a maximal ideal of V. Let R C T be subrings of F. ThenRC T
is open if and only if R + M C T + M is open.

ProoF. Throughout this proof, we freely use the structure theory of
Spec(R + M) [11, Theorem A (c), (d), (¢), p- 560] . Denote the contractions by

f: X=Spec(T) — Spec(R)=Y
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and
F: X = Spec(T + M) — Spec(R + M) =Y.

We consider several cases.

Assume that R C T is open. We consider F(X,).

Gsel. a=t€T. Ift=0, then X, =@ and (X,) =& is open; thus,
without loss of generality, t # 0. Let U={PEX: P+ ME X,}. Since U= X,
and f is open, there is a nonempty subset A of R\{0} such that f(X,) = UgE A Yx’
We claim that F(X,) = U e, Y.

By considering several subcases, the above equality is easily verified.

Case 2. a=m €M. Then F(X,)=Y, isopenin Y.

Gse3. a=t+m,with0FtE€ETand0#FmEM. Let U= PEX:
P+MeX,,,.}. Agin, U= X,, producing nonempty A C R\{0} such that
X)) = U =N Yg. Using an analysis by subcases as in Case 1, we may conclude
that F(X,,,,,) = Ugen Yo im-

Hence R + M C T + M is open.

Conversely, assume that R + M C T + M is open, and consider f(X,),
where t € T. Without loss of generality, X, # &, so that ¢ # 0. As F is open,
there exists nonempty A C (R + M)\{0} such that F(X,) = Uge AYg. Since
X, # &, we have A¢M. let A'={r ER: r + m € A for some m € M}; then
2 # A" #{0}. To complete the proof, it suffices to show f(X,) = U,c.Y,»
which is a straightforward calculation.

The following “R + M” results follow by using the theory thus developed
combined with [11, Theorem A (c), (d), (¢), p- 560] and [1, Theorem 3.1].

COROLLARY 3.27. Let V be a valuation ring of the form F + M. Let R
be a subring of F. Then R + M is open if and only if both R and V are open.

CoROLLARY 3.28. Let V be a valuation ring of the form F + M, and let
K be a subfield of F. Then K + M is open if and only if V is open.

COROLLARY 3.29. Let V be a valuation ring of the form F + M, and let
R be a subring of F. Then every overring of R + M is open if and only if V is
open and every ring T satisfying R C T C F is open.

In the remainder of this section, we pursue some topologically defined
classes of domains. While these domains need not be open (indeed, they need
not even be semilocal), we shall see that they form, in the semilocal case, nothing
more than the class of GD domains.

A domain R is said to be simple open (write: R is SO) in case R C R[u]
is open for each u € qf(R); say that R is finite type open (write: R is FTO) in
case R C T is open for each finitely generated overring T of R.
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The GD analogues of the above notions have received attention. It follows
from [25, Lemma 3] that FTGD « GD; this was strengthened in [6, Theorem 1],
where it was proved that SGD < GD. Since open extensions satisfy GD, we con-
clude that

FTO = SO = GD.

As explained in Remark 3.12, it follows from Corollary 2.8 that i-domains
are FTO, thus destroying any hope of proving that an arbitrary FTO domain is
open. For the special case of (semi) local domains, Theorem 3.16 and Corollary 2.8
combine to show that FTO and open are still not equivalent. For a concrete ex-
ample, take a valuation domain V whose spectrum is not well-ordered under in-
clusion.

The following lemma may be deduced by using the techniques in [9].

LEMMA 3.30. Let T be integral over R. The following are equivalent:
(a) R C T is open.

(b) R C Sisopen for each finitely generated R-subalgebra S of T.
(c) R CR[u] is open for each u €T.

CorOLLARY 3.31. Let T be an integral overring of a coherent domain R.
If R C T satisfies GD, then R C T is open.

ProoF. By Lemma 3.30 and [24, Lemma 1], we may assume that there
exists ¢t € T with T=R[t]. Since R is coherent and T is a finitely generated
R-submodule of qf(R), T is finitely presented as an R-module. Then [16, Prop-
osition 1.4.7] shows that T is finitely presented as an R-algebra, and, since R C
T satisfies GD, [16, Corollaire 1.10.4] applies to complete the proof.

REMARK 3.32. In the spirit of Corollary 3.31, it would be interesting to
know, given commutative rings R C T with R coherent and T finitely generated
as an R-algebra such that R C T satisfies GD, whether Spec(T) — Spec(R) must
be open. An affirmative answer would generalize a well-known corollary of
Chevalley’s constructability theorem for Noetherian rings [22, Theorem 8, p. 48].
The special case, in which R is an integrally closed domain and T = R[¢] for
some ¢ € qf(R), follows from McAdam’s observation that [31, (11:13)] forces
T to be finitely presented as an R-algebra. Of course, [4, Corollary 4] implies
that, if R is a coherent integrally closed domain such that R C R[u] satisfies GD
for each u € qf(R), then R is Prifer and, hence, FTO.

ProposITION 3.33. R C R is open if and only if R C T is open for each
domain T which is integral over R.

ProoF. The “if” direction is immediate. Conversely, assume that R C R
is open, and let T be integral over R. Use the “rectangle argument”. As RT is
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integral over R, [9, Proposition 1.2] implies that R C RT is open; thus, R C RT
is open. Consider f: Spec(RT) — Spec(T) and g: Spec(T) — Spec(R). Since
gf is open and f is surjective, [8, Exercise 7(b), p. 96] shows g is open, as re-
quired.

PROPOSITION 334. If R is an i-domain and R C TC R, then R C T is
open.

PRrROOF. Since R is FTO, an application of Lemma 3.30 completes the
proof.

CoRrOLLARY 3.35. If T is a domain which is integral over an i-domain R,
then R C T is open.

Proof. Apply Propositions 3.33 and 3.34.
We end §3 by giving a characterization of semilocal FTO domains.

ProrosiTiON 3.36. Let T be finitely generated over a semilocal domain R.
If R is GD, then R C T is open.

ProoF. Since R is semilocal treed, each ideal of R has only finitely many
primes of R minimal over it. As R C T satisfies GD, [25, Theorem 1] applies
to complete the proof.

CoROLLARY 3.37. Let R be semilocal. The following are equivalent on R:
(@) R is FTO.

(b) R is SO.

(¢) Ris GD.

ProoF. (a) = (b) trivially, (b) = (c) by applying [6, Theorem 1], and
(¢) = (a) by Propsoition 3.36.

CorOLLARY 3.38. The following are equivalent on R:
(@) R is GD.

(b) Rpis FTO for each P € Spec(R).

() Rpis SO for each P € Spec(R).

Proor. (a) = (b) by [S, Lemma 2.1] and Corollary 3.37; (b) = (c) is
trivial; (c) = (b) by [6, Theorem 1] and [5, Lemma 2.1].

REMARK 3.39. Since SO = GD, Corollary 3.38 shows that SO and FTO
each localize. If one could prove, for instance, that SO globalizes, then Corol-
lary 3.38 would imply the equivalence of GD and SO. At present, we have no
counterexamples to the possible implications GD => SO and SO = FTO. Notice
that, for a Noetherian domain, one can use [4,Proposition 7] and [22, Theorem 8,
p- 48] to show the equivalence of FTO, SO, and GD.
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REMARK 3.40. The major interest of this section has been in studying open
domains, while §5 will deal mainly with propen not open domains. We take this
opportunity to point out that the “closed” analogues of these classes turn out
to be less interesting. To be more specific, say that a domain R is closed (respect-
ively, properly closed) if Spec(T) — Spec(R) is a closed map for each overring
T of R (respectively, for each overring T of R which is distinct from qf(R)).

Observation 1. R is closed if and only if R is a field.

ProoFr. The “if* half is trivial. Conversely, if Spec(qf(R)) — Spec(R) is
closed, then {0} is a closed set of Spec(R), whence 0 is maximal ideal of R and
R is a field.

Observation 2. R is properly closed if and only if R is local and dim(R) < 1.

Proor. The “if” half is immediate. Conversely, let R be properly closed.
Without loss of generality, R is not a field; select a nonzero prime ideal P of R.
As Spec(Rp) — Spec(R) is closed, [0, P] is a closed subset of Spec(R), whence
Spec(R) = {0, P}, to complete the proof.

4. Local homeomorphism domains. The aim of the present section is to
study, and to give a topological characterization (in Theorem 4.16) of, those
domains all of whose overrings are open. In view of the varied nature of the ex-
amples given by Dobbs in [5, Corollary 4.4], one expects that a similar study of
domains all of whose overrings are GD would not be as fruitful.

We shall continue to use the definitions and notation established in previous
sections. Besides those, we introduce the following: Let f: X — Y be a contin-
uous map of topological spaces. We call f a local injection if each point x € X
has an open neighborhood U such that f: U —> f(U) is an injection. As usual
(cf. [21, p. 149]), call £ a local homeomorphism if each point x € X has an open
neighborhood U such that f(U) is open and f maps U homeomorphically onto
f(U). Since any local homeomorphism must be an open map, it follows that f
is a local homeomorphism if and only if f is open and f is a local injection.

We call an extension R C T of domains an LH-extension (respectively, an
Ll-extension) if Spec(T) — Spec(R) is a local homeomorphism (respectively, a
local injection). A domain R is said to be an LH-domain (respectively, an
LIdomain) if R C T is an LH-extension (respectively, an Ll-extension) for each
overring T of R. Thus, R is an LH-domain if and only if R is an LI-domain and
R is open.

Given a contraction map f: Spec(T) — Spec(R) and P € Spec(R), denote
the set £~ (P), the fiber of P, by fib,(P). We say that R C T has finite fibers
if fib,.(P) is finite for each P € Spec(R); R is said to have finite fibers if R C T
has finite fibers for each overring T of R.

As in the previous sections, some of the results are straightforward, and
are stated without proof.
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LEMMA 4.1. Let X and Y be topological spaces. If X is compact and f:
X — Y is a local injection, then, for any pointy € Y, f~'(v) is a finite set.

CoROLLARY 4.2. Any Ll-extension has finite fibers.

ProoF. Lemma 4.1 applies directly since prime spectra are compact.
REMARK 4.3. Lemma 4.1 generalizes [21, Example 2.3, p. 151].

ProrosiTION 44. If R C T is an Ll-extension, then R C T is an inc-
extension.

Proof. Deny. Hence there exist distinct primes P C Q of T such that
PNR=QNR. Asf: Spec(T) — Spec(R) is a local injection, there exists an
open set U in Spec(T) such that Q € U and f: U — f(U) is injective. However,
Q € U implies P € U, contradicting the injectivity of f on U.

Thus any LI-domain is an inc-domain. However, with the aid of Corol-
lary 4.2 and [7, Example 2.1], it follows that the converse is not generally true.
Moreover, Example 2.28 illustrates that an LI-domain need not be treed.

ProrosiTION 4.5. If R is an LI-domain and T is an overring of R, then
T is an LI-domain.

ProOF. Let S be an overring of T and P € Spec(S); consider f: Spec(S)
—> Spec(T) and g: Spec(T) — Spec(R). Since R is an LI-domain, there exists
an open set U in Spec(S) such that P € U and gf is injective on U. Thus, f is
injective on U, so that T is an LI-domain.

ProrosITION 4.6. Let R C T be an Ll-extension. If R is GD, then T is GD.

ProoF. By [6, Theorem 1], it suffices to show that T C V satisfies GD
for each valuation overring V of T. Let P & Q be primes of T, and let N be a
prime of ¥ lying over Q. By Proposition 44,PNRGC QNR. SinceRCV
satisfies GD, there exists a prime N’ of ¥ such that VGE Nand N NR=PNR.
Thus N' N TG Q. Furthermore, there exists an open subset U of Spec(7) such that
Q € Uand f: U— Spec(R) is injective. As N' N T and P are members of U with
the same contraction in R, we have N' N T = P, so that T is GD.

Before establishing the promised characterization of domains all of whose
overrings are open, we continue to develop needed machinery.

LemMMA 4.7. If R has finite fibers, then each overring of R has finite
fibers.

ProposITION 4.8. R has finite fibers if and only if Rp has finite fibers for
each P € Spec(R).

Proor. If R does not have finite fibers, then for some overring T of R
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and some P € Spec(R), we have that fib,.(P) is infinite. Passing to Rp C Ty\p,
we get that ﬁbTR\ P(PR p) is infinite.
The converse is immediate from Corollary 4.7.

PROPOSITION 4.9. If R has finite fibers, then R is an inc-domain.

ProOF. Deny. Then there exists an overring T of R with primes Q; & Q,
such that O, NR =0, NR (=P). By passing to Rp C Ty, p, We may assume
R is local with maximal ideal P. Let u € Q,\Q,, and observe that R C R[u]
does not satisfy INC. The proof of Lemma 2.33 shows that fib R{u)®P) is in-
finite, the required contradiction.

[7, Example 2.1] shows that the converse of Proposition 4.9 fails in gen-
eral. We show next that, with the additional hypothesis that R C R has finite
fibers, the converse becomes valid.

PROPOSITION 4.10. R has finite fibers if and only if R is an inc-domain
and R C R has finite fibers.

ProOF. The “only if” part is clear. Conversely, suppose that R is an
inc-domain which does not have finite fibers. Then there exist an overring T of
R and a prime P of R such that fib,(P) is infinite. Using the “rectangle argu-
ment”, we see that fibg,(P) is infinite since T C RT satisfies LO. As R C RT
is an i-extension (since R is Prufer), fib5(P) is infinite. Thus, R C R does not
have finite fibers, completing the proof.

PROPOSITION 4.11. R is semilocal with finite fibers if and only if each
overring of R is semilocal.

PROOF. Let R be semilocal with finite fibers. By Proposition 4.9, R is
Prifer; integrality shows that R is semilocal. If T is an overring of R, one readily
uses the fact that R is an i-domain (hence GD, hence treed) to show that RT is
semilocal. By integrality, T is then semilocal.

Conversely, assume that each overring of R is semilocal. Suppose that R
does not have finite fibers; then there exist an overring T of R and a prime P of
R such that fib(P) is infinite. We may assume that R is local with maximal
ideal P. By Lemma 2.33, each element of fib(P) is then a maximal ideal of T,
contradicting the semilocality of T.

COROLLARY 4.12. Let n be a positive integer. If R is a semilocal i-domain
with exactly n maximal ideals, then each overring of R has at most n maximal
ideals.

ProOF. Reexamine the first paragraph of the proof of Proposition 4.11.
We now begin our main assault on the desired characterization.
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LEMMA 4.13. R is an integrally closed LH-domain if and only if R is an
open Prifer domain.

ProoFr. Since LH-extensions are open, the “only if” half follows from
Proposition 4.4. The converse is immediate, since any Prufer domain is an
LI-domain.

LEmMA 4.14. If R is an LH-domain, then each overring of R is an LH-do-
main.

ProOF. Our strategy will be to show first that R is an LH-domain and
then, using the “rectangle argument”, to show that each overring of R is an
LH-domain.

Since R is an LH-domain, Proposition 4.4 shows that R is a Prufer domain.
Now R is open, hence semilocal, so that Corollary 4.2 gives that R is semilocal.
To show that R is an LH-domain, it suffices by Lemma 4.13 and Theorem 3.16,
to show that each branch of R is well-ordered under inclusion. Iet Q,: a €}
be a nonempty subset of a branch [0, M] of R. As {Q, NR: a € Q} is a non-
empty subset of some branch of R, we see that {Q, N R: a € §} has a first
element, say Q‘i N R, with B € Q. Since R is an inc-domain and R is treed, Qﬁ
is the first element of {Q,: a € §}. Therefore R is an LH-domain.

Let T be any overring of R. Then T is an Ll-domain by Proposition 4.5,
and T is GD by Proposition 4.6. Using the same argument as above, we see that
each branch of T is well-ordered under inclusion. To complete the proof, it
remains only to show that T is semilocal. With the aid of the “rectangle argu-
ment”, we first note that RT is semilocal by Corollary 4.12, since R is a semi-
local i-domain. Then, since T C RT is an integral extension, T is semilocal, which
completes the proof.

LEMMA 4.15. If R is open with finite fibers and if each proper overring of
R is treed, then each overring of R is open.

ProoF. By Proposition 4.9, R is an inc-domain. Let T be an overring of
R. By Proposition 4.11, T is semilocal, by Proposition 2.32, T is GD. One may
argue as in Lemma 4.14 in order to verify that T inherits from R the property
of having each of its branches well-ordered under inclusion. Hence T is open.

THEOREM 4.16. The following are equivalent on R:
(@) R is an LH-domain.
() (@) R has finite fibers.
(ii) R is open.
(iii) Each proper overring of R is treed.
(c) () R is open.
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(ii) Each proper overring of R is semilocal and has well-ordered branches

under inclusion.
(d) Each overring of R is open.

Proor. (a) = (b) by Corollary 4.2 and Lemma 4.14, while (a) = (c) by
Lemma 4.14. Lemma 4.15 gives (b) = (d).

To prove (d) = (a), assume (d). Observe that Propositions 4.11 and 4.9
imply that R is an inc-domain. Since R is open, it suffices to show that R is an
Ll-domain. Let T be an arbitrary overring of R, and Q € Spec(T). Let U=
[0, 0], and consider the contraction f: Spec(T) — Spec(R). Then U is open
in Spec(T) since T is open, and f is injective on U since R C T satisfies INC;
thus f is a local homeomorphism. Hence, (d) = (a).

To complete the proof, use Proposition 4.11 to deduce that (c) = (b).

COROLLARY 4.17. R is an LH-domain if and only if R is semilocal and Rp
is an LH-domain for each P € Spec(R).

PrOOF. In view of Lemma 4.14, the “only if” part is immediate. Con-
versely, assume that R is semilocal and that R, is an LH-domain for each P €
Spec(R). By Corollary 3.17, R is open, while Proposition 4.8 demonstrates that
R has finite fibers. By virtue of criterion (b) in Theorem 4.16, it is enough to
show that each proper overring of R is treed.

Let T be a proper overring of R, and suppose that T is not treed. Then
there exists a maximal ideal M of T and primes P and Q of T contained in M,
such that P and Q are not comparable. Pass to R,,;p C Ty, and observe that
Ty is not treed. This contradicts the assumption that Ry, is an LH-domain,
and completes the proof.

CoROLLARY 4.18. If R is an LH-domain, then R/P is an LH-domain for
each P € Spec(R).

ProoOF. Apply Theorem 4.16(d) combined with Corollary 3.19 and Prop-
osition 2.1.

REMARK 4.19. It follows immediately from Theorem 4.16 and Proposi-
tion 3.20 that a Noetherian domain R is an LH-domain if and only if R is semi-
local and dim(R) < 1.

Although we have just seen that Noetherian LH-domains are well under-
stood, (4.20)—(4.22) will show that the situation for Noetherian LI-domains is
more complicated.

ProrosiTION 4.20. Let uy,. .., u, € (qf(R)\R). If R is a Noetherian
domain and dim(R) = 1, then R C R[u,, . .., u,] is an LH-extension.
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Proof. Let T=Rlu,,...,u,], and consider f: X = Spec(T) — Spec(R).
Since R is GD, it follows from [22, Theorem 8, p. 48] that f is an open map,
so that it now suffices to show that f is a local injection. Let I; be the conductor
of u; in R; set I = n;'_,f, Note that 0 #/ #R. AsRis 1 dlmensxonal Noe-
thenan I'is contained in only finitely many primes of R, say P, ..., P,. By
slightly modifying the proof of [24, Lemma 2], one shows that, if Q € Spec(R)
and I ¢ Q, then the cardinality of fib(Q) is one. To show that f is a local in-
jection, we consider two cases.

Case 1. Suppose Q € fib(P;) for some 1 <i <t. By the Krull-Akizuki
theorem [18, Theorem 93], T is 1-dimensional Noetherian. Since R C T has
finite fibers [18, Exercise 21, p. 64], there exists s € T\Q which belongs to every
member of fib,(P)), . .., fib;(P,) except Q. Therefore, Q is the only member
of fib(P,), . . ., fib;(P,) which is in X;. Hence, f is injective on X.

Case 2. Suppose Q € Spec(T), such that Q ¢ UL, fib,(P,). By the 1-di-
mensionality of T, we may choose w € T\Q which belongs to every member of
fibp(P,), . . ., fiby(P,). Then fis injective on X,,, which completes the proof.

ProPOSITION 4.21. Let R be a semilocal Noetherian domain. Then R is
an LI-domain if and only if dim(R) < 1.

Proo¥F. If R is an LI-domain, Proposition 4.4 shows that R is an inc-do-
main; since R is Noetherian, [11, Theorem 35.16] shows that dim(R) < 1. The
converse follows immediately from Remark 4.19.

We next present an example to show that an arbitrary 1-dimensional Noe-
therian domain need not be an LI-domain.

ExXAMPLE 4.22. Let R be the 1-dimensional local Noetherian domain in
Example 2.17. Recall that R has exactly two maximal ideals, both of which
necessarily lie over the unique maximal ideal of R. Let F= {R\, R,, R, ...}
where each R; = R. Applying [17, Proposition 1] to F, we construct a 1-dimen-
sional Noetherian domain T with infinitely many primes, such that, for each non-
zero P € Spec(T), the cardinality of fib(P) is greater than one. We claim that
T C T fails to be an Ll-extension. If not, let 0 # Q € Spec(T); then there exists
an open set U in Spec(T) such that Q € U and Spec(T) — Spec(T) is injective
on U. But, [2, Proposition 10, p. 98] combined with [22, Lemma 6.D, p. 41]
implies that Spec(T)\U is a finite set. This contradicts the fact that the cardin-
ality of each nonzero fiber is greater than one, to complete the proof.

REMARK 4.23. The preceding example shows that many of the basic prop-
erties which hold for the other classes of domains studied above, do not hold
for the class of LI-domains. For example, Proposition 4.5 shows that LI-domains
localize, while Proposition 4.21 and Example 4.22 combine to show that LI-do-
mains need not globalize. Moreover, the LI analogue of Lemma 3.30 fails, as
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one sees by combining Proposition 4.20 with Example 4.22. Finally, using Ex-
ample 4.22 and the Krull-Akizuki theorem, one has a domain R such that RC V
is an Ll-extension for each valuation overring V of R, although R is not an
LI-domain. We have not as yet been able to determine whether valuation over-
ring serve as test overrings for the LH property. (That overrings of the form
Rluy, ..., u,], with 4; € qf(R), do not suffice, follows from (4.20) and (4.22).)

REMARK 4.24. Using Theorem 4.16 and Corollary 3.29 one deduces the
following. Let V be a valuation ring of the form F + M and R a subring of F.
Then R + M is an LH-domain if and only if V is open and each ring T satisfying
R C T CFisopen.

We end this section by considering a special class of LH-extensions. For
the sake of completeness, we first recall the following definition [21, p. 145].
Let X be a topological space which is pathwise connected and locally pathwise
connected. A covering space of X is a pair consisting of a pathwise connected,
locally pathwise connected space Z and a continuous map p: X — X such that
the following condition holds. Each point of X has a pathwise connected open
neighborhood U such that each path component of p~!(U) is mapped homeo-
morphically onto U by p. [In particular, it is assumed that p~!(U) is nonempty.]
It is readily proved that, if Q?, p) is a covering space of X, then p is a local
homeomorphism. Hence, it is natural to ask about covering spaces in our setting.

LEmMMA 4.25. If R is a domain, then Spec(R) is contractible.

ProoF. Define H: Spec(R) x [0, 1] — Spec(R) by H(P, t)=Pift=0
and H(P, t) = 0 otherwise. We claim that H is continuous. Indeed, if U is a
nonempty open subset of Spec(R), then

H™Y(U)=U x [0, 1] U Spec(R) x (0, 1]

which is open in Spec(R) x [0, 1]. Thus, H shows that Spec(R) is contractible
to 0.

REMARK 4.26. It is clear from Lemma 4.25 that, if R is a domain, then
Spec(R) is pathwise connected. Indeed, Spec(R) is then locally pathwise con-
nected; for if P and Q are primes of R, one obtains a path from P to Q, within
any open set containing both P and Q, via the continuous function ¢: [0, 1] —
Spec(R) given by ¢(0) = P, ¢(1) = Q and ¢(¢) = (0) whenever 0 < ¢t < 1.

PROPOSITION 4.27. Let R and T be domains, and let p: Spec(T) — Spec(R)
be a continuous map. Then (Spec(T), p) is a covering space of Spec(R) if and
only if p is a homeomorphism.

ProoF. The “if” half is trivial. For the converse, apply Lemma 4.25 and
[21, Exercise 6.1, p. 160] .



28 I. J. PAPICK

Before proving the final corollary of this section, we pause to make the
following definition. An extension R C T of domains is called a CS-extension
(covering space extension) if (Spec(T), f) is a covering space of Spec(R), where
fis the contraction map. It is obvious from Observation 1 in Remark 3.40 that
R C T is a CS-extension for each overring T of R if and only if R is a field.

CoROLLARY 4.28. The following are equivalent on R:

(@) R is a local i-domain and dim(R) < 1.

(b) R C T is a CS-extension for eachu € qf(R) satisfying T =R [u] & af(R).
(¢) R C T is a CS-extension for each overring T of R satisfying T & qf(R).

ProOF. (a) = (c) is immediate, since (a) implies that any overring of R,
other than gf(R), is 1-dimensional local. (c) = (b) trivially, we shall show (b) =
(a) in order to complete the proof. Assume (b). In view of Proposition 4.27,
we may apply Proposition 2.10 to show that R is an i-domain. It now suffices
to prove that R has at most one nonzero prime. If P, Q are distinct nonzero
primes of R, one may, without loss of generality, select » € PAQ. Thus R[1/r]
G qf(R), since Q survives in R[1/r]. However, P does not survive in R[1/r],
contradicting the fact that Spec(R[1/r]) — Spec(R) is surjective. This completes
the proof.

REMARKS 4.29. (a) Example 2.17 illustrates that the (equivalent) condi-
tions in Corollary 4.28 are not implied by the requirement that R C V be a
CS-extension for each valuation overring V of R other than qf(R).

(b) Example 2.17 shows, i.a., that an LH-domain need not satisfy the
equivalent conditions of Corollary 4.28, although any domain satisfying those
conditions is an LH-domain. Similarly, LH-domains form a proper subclass of
the class of open domains, by virtue of Corollary 3.28.

5. Propen not open domains. Recall from §3, that a domain R is called
propen not open if R is propen but not open. We shall presently find (in Ex-
ample 5.11) many such domains. As in the previous sections, we shall develop
basic machinery, which will then be applied to yield characterizations of propen
not open domains in terms of previously studied classes of rings. For example,
Corollaries 5.20 and 5.22 show how an arbitrary propen not open domain is
built topologically by gluing the spectrum of an open domain to the spectrum
of a local propen not open domain; moreover, Corollary 5.10 (together with
Lemma 3.13) provides a ring theoretic characterization of local propen not open
domains.

The terminology and notation of the previous sections will be used freely
in this section, along with the following new definitions and notation. Let R be
a treed domain. Call the set {Q € Spec(R): @ C J(R)} the trunk of R and denote
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it by tr(R). Note that tr(R) is totally ordered, since R is treed. Call the prime
U {Q: Q € tr(R)} the vertex of R and let u(R) denote that prime.
Unless otherwise mentioned, R will always be a domain which is not a field.

PROPOSITION 5.1. R is propen not open if and only if
(a) Ris GD.

(b) [0, P] is open for each nonzero P € Spec(R).

(c) No overring of R other than qf(R) is a G-domain.

PROOF. Assume that R is propen not open. Then, (a) and (b) follow triv-
ially. As for (c), let T be an overring of R such that T # gf(R). Since R is not
a G-domain, Lemma 3.8 shows that T is not a G-domain.

Conversely, assume (a), (b) and (c). By the convention mentioned in the
introduction to this section, R # qf(R}; hence R is not a G-domain, so that R
is not open. To complete the proof, we show that R is propen. Let T be an
overring of R with T # qf(R), and consider the image under the contraction
f: X = Spec(T) — Spec(R) of X,, where t € T. We may assume X, # &; more-
over, X, # {0} since T is not a G-domain. As in the proof of Proposition 3.2,
conditions (a) and (b) imply that f(X,) = U,c [0, P,], where each P, €
Spec(R) and  is a nonempty indexing set. Without loss of generality, each
P, # 0 since X, # {0}; then condition (b) implies f(X,) is open, to complete
the proof.

Conditions (a) and (b) of Proposition 5.1 have been encountered in earlier
sections. In order to make Proposition 5.1 more applicable, we next focus at-
tention on tools which will lead to a more thorough understanding of condition

©).
LEMMA 52. Let T be an overring of R with T # qf(R), such that RC T
is an i-extension. If R is propen not open, then T is propen not open.

PrROOF. Argue as in Corollary 3.11.

LeMMA 5.3. If no valuation overring of R other than qf(R) is a G-domain,
then no overring of R other than qf(R) is a G-domain.

Proor. If not, let T be a G-domain such that R C T & qf(R). Select any
valuation overring V¥ of T other than qf(R). By [18, Theorem 20], V is a G-do-
main, the desired contradiction.

LEmMA 54. If R is propen not open, then R has no nonzero primes of
finite height.

Proor. It suffices to show that there are no primes of height one in R.
This was done in the alternate proof of Corollary 3.5.
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PrROPOSITION 5.5. Let R be GD. Then no overring of R other than qf(R)
is a G-domain if and only if R has no nonzero primes of finite height.

ProoF. Suppose that no overring of R other than gqf(R) is a G-domain.

If R has a nonzero prime P of finite height then, since R is treed, R is also
treed, whence Spec(R)) is a finite set. Then [18, Exercise 3, p. 19] implies that
Rpis a G-domain, the desired contradiction.

For the converse, assume that R has no nonzero primes of finite height.
Let {M,},cq be the set of maximal ideals of R. If, for some a € £,

n{Q € Spec(R): @ # 0 and Q C M,} were nonzero, it would be a height one
prime, contrary to hypothesis. Therefore R is a G-domain. To complete the
proof, Lemma 5.3 shows that it suffices to establish that no valuation overring
V of R other than gf(R) is a G-domain. Since ¥ is local treed, it is enough to
show that ¥ has no nonzero primes of finite height.

Deny. Then V has a prime P of some positive finite height. Since P N R
is a nonzero prime of R, we conclude that P N R does not have finite height. As
R C V satisfies GD, it follows that the height of P is also infinite, a contradic-
tion, completing the proof.

REMARK 5.6. If a nonzero prime P of a domain R has infinite height, P
need not contain an infinite chain of primes. However, if no nonzero prime of
R has finite height, then each nonzero prime of R contains an infinite chain of
primes.

Using the characterization in Proposition 5.1 along with Proposition 5.5,
we give (in Corollary 5.10) a characterization for local propen not open domains.

LEmMA 5.7. Let R be local treed. Then R is not a G-domain if and only
if R has no nonzero primes of finite height.

Proor. The “if” half is follows from the proof of Proposition 5.5. Con-
versely, assume R is not a G-domain, but possesses a prime P of positive finite
height, n. Then there exists a chain of nonzero distinct primes P, & - - & P, _,
GP, =P. SoN{Q € Spec(R): Q # 0} = P, # 0, contradicting the fact that
R is not a G-domain.

CoROLLARY 5.8. Let R be local and GD. Then R is not a G-domain if
and only if no overring of R other than qf(R) is a G-domain.

Proor. The “only if” half follows by combining Lemma 5.7 and Propo-
sition 5.5. The converse is trivial.

ExAMPLE 59. We next construct a semilocal GD domain which is not a
G-domain, and which possesses nonzero primes of finite height. (Hence, one
cannot delete the assumption that R is local in Lemma 5.7.) Let X = {(0, 0),
(1/2,0), (1,0} VU {(0, 1/n): n > 1}. A partial order on X may be given as
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follows: (a, b) < (¢, d) is and only if a <c¢ and b <d. By [20, Theorem 3.1],
there exists a Beézout domain R such that Spec(R) and X are isomorphic as po-
sets; that is, there is a bijection f: Spec(R) — X such that both fand f~! are
order preserving. If M is the maximal ideal of R corresponding to (0, 1) in X,
then

N{Q € Spec(R): Q # 0 and Q C M} =0

since lim,,_, .(1/n) = 0. Thus R is not a G-domain, However, R does have (two)
nonzero primes of finite height, corresponding to (1/2, 0) and (1, 0) in X.

CoROLLARY 5.10. Let R be local. Then R is propen not open if and
only if

(@) Ris GD.

(b) [0, P] is open for each nonzero P € Spec(R).

(c) R is not a G-domain.

Proofr. Combine Proposition 5.1 and Corollary 5.8.

Before proceeding further with the structure of propen not open domains,
we give an example which helps motivate some of our later work.

ExaMPLE 5.11. For each positive integer ¢, we shall construct a propen
not open domain R with exactly ¢ maximal ideals. Let

Y={0,0}V{(1/n,0):n=1}U{(1+1n,2-1/n):1<n<t};

partially order Y as in Example 5.9. Then [20, Theorem 3.1] provides a Bezout
domain R such that Spec(R) and Y are isomorphic as posets. Note that R has pre-
cisely ¢ maximal ideals, corresponding to {(1 + 1/n, 2 — 1/n): 1 <n<t}. By Propo-
sition 5.5, no overring of R other than qf(R) is a G-domain. In order to prove
that R is propen not open, Proposition 5.1 now reduces us to showing that
[0, P] is open in Spec(R) for each nonzero P € Spec(R). If P is nonmaximal,
we may appeal to Lemma 3.13. If P is maximal, denote the remaining maximal
ideals of R by M,, . .., M,, and observe that [0, P]' ={M,, ..., M,} is closed
in Spec(R), to complete the proof.

Before leaving this train of thought, we give a result which is motivated by
Proposition 3.10.

PROPOSITION 5.12. R is propen not open if and only if R C V is open
for each valuation overring V of R with V # qf(R) and R C qf(R) is not open.

PrOOF. We need only prove the “if” half. By [6, Theorem 1], R is GD;
by the proof of (b) = (a) in Proposition 3.10, R C R is open for each nonzero
P € Spec(R). By Proposition 5.1, we are reduced to showing that no overring
of R other than qf(R) is a G-domain. Note that R is not a G-domain since
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R C qf(R) is not open. Thus, Lemma 3.8 shows that no valuation overring of

R other than qf(R) is a G-domain, and Lemma 5.3 applies to complete the proof.
Our next aim is to show how propen not open domains are built topolog-

ically.

ProrosiTiON 5.13. If R is propen not open, then there exists a nonzero
prime contained in the Jacobson radical of R, that is, tr(R) # {0}.

Proor. Since R is propen not open, R is semilocal and has no nonzero
primes of finite height. We may assume that R is not local; let M, ..., M,
be the maximal ideals of R.

Suppose that, whenever 2 <i < ¢, there exists a nonzero prime P; con-
tained in M, N M,. If P;is the least of P,, ..., P, (which are comparable since
R is treed), then B C N}_, M, =J(R).

Hence, without loss of generality, we may suppose that O is the only prime
of R which is contained in M; N M,. As R is propen not open, [0, M,] is open
in Spec(R), so that Lemma 3.13 supplies a unique prime Q C M, such that Q
is proper minimal over U{P: PC M . N M,}. Hence, Q is a height one prime,

a contradiction, which completes the proof.

COROLLARY 5.14. If R is propen not open, then tr(R) is an infinite set.

ProoOF. Apply Proposition 5.13 and Remark 5.6.

REMARK 5.15. Unlike the situation for propen not open domains, the
trunk of an open domain may consist merely of 0. For example, if X = {(0, 0),
(1/2, 0), (1, 0), (0, 1/2), (0, 1)} is partially ordered as in Example 5.9, [20, The-
orem 3.1] supplies a Bézout domain R such that Spec(R) and X are isomorphic
posets. By Theorem 3.16, R is open, although tr(R) = {0}.

LEMMA 5.16. Let M,, . .., M, be the maximal ideals of a propen not
open domain R. Then, for each 1 <i <t, [v(R), M;] is well-ordered under in-
clusion.

Proor. Deny. Then (¢ > 1 and) for some 1 <j<t, [u(R), Mj] is not
well-ordered under inclusion. Thus there exists a nonempty subset {Q,: a € Q}
C [v(R), Mi] without a first element. Then P = n{Qa: a € Q} is a prime of
R such that u(R) CP & M;. As [0, P] is open, Lemma 3.13 supplies a unique
prime Q; C M; such that Q; is proper minimal over U:gcpn Mj} =P. In
particular, Q; € [u(R), Mi] . Since P& Q;, there exists § €  such that Q; ¢ 0ps
whence 03 & 0Q; by comparability. Minimality of 9; forces P = Qg, which con-
tradicts the assumption that {Q,: « € Q} has no first element.

LEMMA 5.17. If R is propen not open and R/u(R) is GD, then R/u(R) is
open.
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PrROOF. R/u(R) inherits from R the property of being semilocal. More-
over, Lemma 5.16 implies that each branch of R/u(R) is well-ordered under in-
clusion. Now apply Theorem 3.16.

THEOREM 5.18. R is propen not open and Rfu(R) is GD if and only if R
is GD, R, () is propen not open, and R o(R) is open.

PROOF. Assume that R is propen not open. Then R is clearly GD, v(R)
# 0 by Proposition 5.13, R, (g, is propen not open by Lemma 5.2 and R/u(R)
is open by Lemma 5.17.

Conversely, assume R is GD, R, (r) is propen not open, and R/u(R) is
open. Thus R/u(R) is semilocal, so that R is also semilocal; also, v(R) # O since
R, (r) is propen not open. Since R is GD, Propositions 5.1 and 5.5 reduce us to
proving that [0, P] is open for each nonzero P € Spec(R) and that R has no
nonzero primes of finite height.

Suppose P is a nonzero prime of R with finite height. Since P compares
with v(R) and since R, y is propen not open, lemma 5.4 shows that v(R) & P.
As R is treed, v(R) is a nonzero prime with finite height, which contradicts
Corollary 3.5 (as applied to Ry R)). Therefore, R has no nonzero primes of
finite height.

We now consider three cases to prove that [0, P] is open for each nonzero
P € Spec(R). Let M,, ..., M, be the maximal ideals of R. We may assume
t > 1, so that v(R) is not maximal.

Gase 1. 0 # P Gu(R). Notice that [0, PR, )] is open in Spec(R,z))
since Rv( R) is propen not open. Then Lemma 3.13 gives a unique prime
OR,r) C v(R)Rv( Rr) Such that OR, R) is proper minimal over FR,, y- Hence
Q Cu(R) and Q is proper minimal over P. Condition (a) of Lemma 3.13 shows
that [0, P] is open in Spec(R).

Gise 2. v(R) C P and P not maximal. Since R/u(R) is open, we have that
[v(R)/u(R), P/u(R)] is open in Spec(R/u(R)); by Lemma 3.13, for each 1 <i <,
there exists a unique prime Q;/u(R) C M;/u(R) such that Q, b(R) is proper mini-
mal over U{Q/v(R): Q/u(R) C P/u(R) N M,/v(R)}. For each i, Q; C M,; more-
over, we claim that Q, is proper minimal over Ug: g cpen M;}. (Note that
Q; will then be the unique such, as R is treed.) ’

First, we show that U{Q": Q' C PN M}G Q,. If not, comparability gives
0, cU{Q": Q' C PN M}, so that Q;/u(R) C P/u(R) N M,/u(R), contradicting
the fact that Q,/u(R) is proper minimal over U{QM(R): Q/u(R) C P/u(R) N
M,/uR)}. Hence U{Q": Q'CPNM}S Q,.

As for minimality, suppose that U{Q": 0’ CP N M;}G Q; C Q,. Observe
that uR) CU{Q": Q' C P N M}, since v(R) CP N M,. We claim that
U{Qn(R): Qp(R) € PA(R) N My/o(R)} & Qjfu(R) C Q;b(R). If not, then
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0} p(R) € U{QM(R): QA(R) C P/u(R) N M;[u(R)}, since R/u(R) is treed; then
Q; C P, a contradiction. Thus, by the minimality of Q;/(R), we have Q;/v(R) =
Q,/u(R), so that Q; = Q;. By condition (a) of Lemma 3.13, [0, P] is open.

Case 3. P maximal. Argue as in Case 2, with the aid of condition (b) of
Lemma 3.13.

This completes the proof.

Using the above theorem, we shall now show (in Corollary 5.20 and
Corollary 5.22) that the spectrum of a propen not open domain may be con-
structed by gluing the spectrum of an open domain to the top of the spectrum
of a local propen not open domain.

LEMMA 5.19. If R is treed, then Spec(R) is homeomorphic to Spec(Rv( R))
U Spec(R/u(R)/RIR () = VR)(R)).
ProoF. Apply [15, Lemma 3.13].

COROLLARY 5.20. If R is propen not open and R/u(R) is GD, then
Spec(R) is homeomorphic to

(Spec(R,,(g)) U Spec(RUR)/V(RIR,, ) = v(R)U(R)),
where R, g\ is local propen not open and R u(R) is open.

ProoF. Combine Theorem 5.18 and Lemma 5.19.
Corollary 5.22 will present a decomposition of Spec(R), similar to the pre-
ceding, for an arbitrary propen not open R. First, a lemma:

LEMMA 521. Let R and S be semilocal treed domains. If f: Spec(R) —
Spec(S) is an isomorphism as posets, then f is a homeomorphism.

PrOOF. Let M,, ..., M, be the maximal ideals of R, and let Y = Spec(S).
We first show that f is continuous. Let 0 # s € S; without loss of generality,
Y, # Y. Moreover, (Ys)' = V(J) for some ideal J of S. Relabel so that J C
UL, f) and J ¢ U, g fO). 1f 0, =N{QE Y: J C Q C f(M)}, one
verifies that V(J) = UL, 1(Q), so that (f ! (¥y)) =U L, V(r~1(Q)).

Similarly, f~! is continuous and the proof is complete.

COROLLARY 5.22. Let R be propen not open. Then there exists a propen
not open Bézout domain S and an inclusion-preserving homeomorphism of
Spec(R) onto Spec(S). Any such homeomorphism induces homeomorphisms of
Spec(R,(r)) with Spec(S,, s)) and of Spec(R/u(R)) with. Spec(S/u(S)). Hence
Spec(R) is homeomorphic to a quotient space of the disjoint union of the spectra
of a local propen not open domain and of an open domain.

ProOF. By [20, Theorem 3.1], there exist a Bézout domain S and a poset
isomorphism f: Spec(R) — Spec(S). Since S is GD and has no nonzero primes
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of finite height, the task of showing that S is propen not open is reduced, by
Propositions 5.1 and 5.5, to showing that [0, P] is open in Spec(S) for each
nonzero P € Spec(S).

If P is a nonzero prime of S, then f~!(P) # 0, so that [0, f~'(P)] is open
in Spec(R). However, f is a homeomorphism by Lemma 5.21, so that [0, P] =
F([0, f~1(P)]) is indeed open in Spec(S). Therefore, S is propen not open. As
S is Bézout, Proposition 2.1 implies that S/v(S) is GD; moreover, Sy(s) and
S/u(S) are propen not open and open respectively, by Theorem 5.18.

As mentioned in Lemma 5.19, we rhay identify (up to inclusion-preserving
homeomorphisms) Spec(R,,(r )) with tr(R) and Spec(R/u(R)) with V(u(R)). Sim-
ilar comments hold for Spec(S,(s,) and Spec(S/u(S)). Since f(L(R)) = v(S), the
assertions about induced homeomorphisms are easily verified. The final con-
clusion follows by applying Corollary 5.20 to S.

ExAMPLE 5.23. The following example shows that one cannot delete the
“semilocal” hypothesis in Lemma 5.21. In [12, Example 1, p. 279], a domain
R is constructed with the following properties: dim(R) = 1, the cardinality of
Spec(R) is ¢ (i.e., that of the real numbers), and R is a G-domain. Let x be an
indeterminate over C, the complex numbers. By Hilbert’s Nullstellensatz, there
is a poset isomorphism f of Spec(R) onto Spec(C[x]). Now, [18, Theorem 21]
shows that C[x] is not a G-domain. Thus f is not a homeomorphism, since {0}
is open in Spec(R) and f({0}) = {0} is not open in Spec(C[x]).

The next example shows that an additional hypothesis is needed to obtain
the propen not open analogue of Corollary 3.17. The appropriate analogue is
given in Proposition 5.25.

EXAMPLE 524. Let X ={(0,0)} U{(0, 1/n): n=>1} U {(1/n, 0): n > 1},
partially ordered as in Example 5.9. Again by [20, Theorem 3.1], there is a
Bézout domain R such that Spec(R) and X are isomorphic as posets. As tr(R) =
{0}, R fails to be propen not open. Moreover, R is not a G-domain; therefore
R is not propen. We claim that R is propen not open for each nonzero prime
Pof R. Indeed, Rp is a valuation domain since R is Bézout, and the claim fol-
lows readily from Corollary 5.10 and Lemma 3.13.

PROPOSITION 5.25. The following are equivalent on R:

(@) R is propen not open.

() Rp is propen not open for each nonzero P € Spec(R), R is semilocal
and v(R) # 0.

(©) R, is propen not open for each maximal ideal M of R, R is semilocal
and v(R) # 0.

ProoF. Lemma 5.2, Corollary 3.4 and Proposition 5.13 unite to show
that (a) = (b), while (b) = (c) trivially. To show (c) = (a), assume (c). It is
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clear (cf. [5, Lemma 2.1]) that R is GD. As in the proof of Theorem 5.18, it
is enough to show that [0, P] is open in Spec(R) for each nonzero P € Spec(R),
and that no nonzero prime of R has finite height.

Let My, . .., M, be the maximal ideals of R. Let P be a nonzero (possibly
maximal) prime of R. We shall after considering two possibilities, show that
[0, P] is open in Spec(R), by an appeal to Lemma 3.13.

Case 1. P QM] Then U{Q: QC P ﬂMi} =P. As RM is propen not
open, [0, PRM ] is open in Spec(RM ), and so Lemma 3.13 ylelds a unique prime
QRM, C M,RM such that Q,RM is proper minimal over U{NRM NRM
PRM, nM. RM,} PRM Hence, Q; is the unique prime of R whxch is contamed
in M; and which is proper minimal over P.

Case 2. P ¢ M;. Then u(R)& P. Now N; =U{Q: Q CP N M} is a prime
ideal containing v(R) Moreover, N; & M;; otherwxse N; =M, so thatM P,

a contradiction. Hence v(R)RMi C N,RM, o M,RM As v(R) #0, we have

[0, N, RM ] # {0}, and so the propenness of RM 1mp11es that [0, N;RM ]is
open. By Lemma 3.13, there exists a unique pnme QRM'Y of RM which is
proper minimal over U{NRM NRy; C N,RMj N M,RM,} N,RM, Thus O

is the unique prime of R thch is contained in M; and is proper minimal over N;.

By Lemma 3.13, the preceding two cases combine to prove that [0, P] is
open in Spec(R) for each nonzero P € Spec(R).

To complete the proof, we show that R has no nonzero primes of finite
height. If, on the contrary, R possesses a nonzero prime P of finite height, then
P C M; for some 1 <j<t,s0 that PR M; is a nonzero prime of finite height in
RM,« In view of Propositions 5.1 and 5.5, this is a contradiction, which com-
pletes the proof.

As with the classes of rings studied in the earlier sections, propen not
open domains may be obtained by the “D + M construction”. We close with
some results along these lines. As in the previous sections, the proofs are deleted.

PROPOSITION 5.26. Let V be a valuation ring (not a field) of the form
F + M, where F is a field and M is the maximal ideal of V. Let S be a subring
of F. Then S + M is propen not open if and only if S is open and V is propen
not open.

COROLLARY 5.27. Let V be a valuation ring (not a field) of the form
F + M, and let S be a subring of F. Then every overring of S + M other than
qf(S + M) is propen not open if and only if V is propen not open and every
ring T satisfying S C T C F is open.
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